We show how to construct semi-invariants and integrals of the full symmetric sl n Toda lattice for all n. Using the Toda equations for the Lax eigenvector matrix we prove the existence of semi-invariants which are homogeneous coordinates in the corresponding projective spaces. Then we use these semi-invariants to construct the integrals. The existence of additional integrals which constitute a full set of independent non-involutive integrals was known but the chopping and Kostant procedures have crucial computational complexities already for low-rank Lax matrices and are practically not applicable for higher ranks. Our new approach solves this problem and results in simple explicit formulae for the full set of independent semi-invariants and integrals expressed in terms of the Lax matrix and its eigenvectors, and of eigenvalue matrices for the full symmetric sl n Toda lattice.
Introduction
The iso-spectral flows of the full symmetric sl n Toda lattice
with the symmetric Lax operator L (L T = L) and antisymmetric evolution operator 
are the compatibility conditions for the linear system    LΨ = ΨΛ,
where Ψ ∈ SO(n) is the eigenvector matrix and Λ ≡ diag(λ 1 , ..., λ n ) is the corresponding eigenvalue matrix (see, e.g. [1, 2, 3, 4, 5] and references therein). The full symmetric sl n Toda lattice is a Hamiltonian system: its phase space is the coadjoint-action orbit of the Borel subgroup B + n ∈ SL n (R) and the corresponding iso-spectral Hamiltonians are
Such a phase space can be realized in two different ways by identifying the algebra sl n with its dual using the sl n Killing form. The first method is based on the decomposition sl n = n − n ⊕ b + n , so that the phase space can be identified with the coadjoint-action orbit of the Borel subgroup B + n in the affine space b − n + ǫ, where ǫ is the sum of sl n simple roots, b + n and b − n are the algebras of upper and lower triangular matrices, respectively, and n − n is the algebra of strictly lower triangular matrices. In the present letter we consider the other realization based on the decomposition sl n = so n ⊕ b + n , so that one can identify the space of symmetric matrices Symm n with the dual space of the Lie algebra of the Borel subgroup, Symm n ∼ = (b + n ) * , hence introduce a symplectic structure on Symm n pulling it back from (b + n ) * . Based on these two approaches one gets two different integrable systems called the full sl n Kostant-Toda lattice and the full symmetric sl n Toda lattice.
The dimension of the phase space of these systems is 2[ 4 n 2 ] integrals is required, so that it is not enough to have only n iso-spectral integrals (4) . Such a set can be derived by the chopping procedure [5] . The two different families of the integrals in involution of the full sl n Kostant-Toda lattice were observed at n = 4 in [6, 7] . A formula for the integral derivation without using the chopping procedure is discussed in the recent paper [8] , in which it is used for a generalization to the quantum case.
Besides the above-mentioned involutive integrals, the Toda systems possess non-involutive integrals as well, so that the Toda systems are integrable in the non-commutative sense [9] . The extension of the set of involutive integrals by non-involutive ones as well as construction of semi-invariants was explored in [1, 10, 11, 12, 13, 14] . A construction procedure of the full set of non-involutive independent integrals of the Toda systems for classical Lie algebras is described in [10, 11, 12] , where it is based on the Kostant decomposition of a generic Lie algebra element of a maximally split simple Lie algebra (see [10, 11, 12] for details). This procedure is so complicated technically, that one can actually apply it only to few algebras of smallest ranks.
In the present letter which is the short version of our paper [17] we show how to obtain the explicit formulae for the full set of independent semi-invariants and integrals of the full symmetric sl n Toda lattice, expressed both in terms of the Lax operator L and its SO(n) eigenvector matrix Ψ.
2 Properties of the full symmetric sl n Toda lattice 2.1 Chopping procedure in the full symmetric sl n Toda lattice [5] The [
4 ] functionally independent integrals in involution for the full symmetric sl n Toda lattice on the generic orbit of 2[
4 ]-dimension, which provide its Liouville integrability,
are expressed in terms of the coefficient-functions E m,k of the characteristic polynomials:
where 
Dynamics of minors of the eigenvector matrix Ψ
Now, using eqs. (3) we derive explicitly the iso-spectral flows of the special minors of Ψ, which is used in what follows to derive the semi-invariants and integrals.
Proposition 1. The iso-spectral flows of the minors
where a The proof of this proposition is based on straightforward calculations of dynamics of the minors of M and on induction.
Structure of independent non-involutive integrals
The number of independent non-involutive integrals without taking into account the Casimirs [10, 11] N n =
consists of three different contributions
which come from the iso-spectral integrals N Iso n , the integrals N Chopp n derived by the chopping procedure with exclusion of the Casimirs, and the additional integrals N Add n which extend the above-mentioned two families to a full set of the integrals, respectively. The sum of the isospectral integrals and the integrals obtained by the chopping procedure, which ensures the Liouville integrability, is [5] N
From equalities (8) , (9) and (10) one can obviously conclude that
].
The structure of the special minors of L k (k ∈ N) shows that they are quadratic expressions of the special minors of Ψ, that appear in eqs. (7) which are semi-invariants. In this way we establish that the former minors are semi-invariants as well, and construct invariants using these semi-invariants: 
so that they are the semi-invariants which generate the invariants of the iso-spectral flows:
The proof of eq. (12) is based on the decomposition of the minors A n−m+1,...,n 1,2,...,m in terms of matrix elements of the Lax operator L, then its decomposition in terms of λ, ψ and regrouping the result. The proof of eq. (13) is based on eqs. (7) and (12) . An interesting fact is that the integrals obtained by the chopping procedure have the same structure as the integrals (13) which are rational functions of a bilinear product of the Ψ-special minors:
Proposition 3. The involutive integrals (5) derived by the chopping procedure can be represented as
The proof of this proposition is similar to the proof of Proposition 2. Note that it is possible to express the integrals (14) via the integrals (13) using eqs. (12) , which allow to express all products M 1,2,...,k The functions from the set (13) are not all independent, but this set comprises all independent non-involutive integrals of the full symmetric sl n Toda lattice. In order to evaluate their number and describe them, we first consider the Plücker embedding which describes the flag space F L n (R) = SO(n, R)/S, where the discrete subgroup S of the group SO(n, R) consists of the diagonal matrices with the entries ±1, in terms of the coordinates
modulo the quadratic relations [15]
where the sum is taken over all pairs of multi-indices obtained by interchanging the first k subscripts of j 1 , j 2 , ..., j m 2 with k subscripts of i 1 , i 2 , ..., i m 1 , maintaining the order. It follows from (13) (14) that the integrals are rational functions of λ and ψ. The numerators and the denominators of these functions consist of the sums such that each of their terms is the product of a polynomial function of λ and the function ϕ(M (ψ)) defined by:
Taking into account (7) one gets (17) is
The proof of this proposition is based on the direct calculation of the ϕ(M (ψ))-dynamics using eqs. (7) and taking into account that ϕ(M (ψ)) are the functions on the flag space defined modulo the iso-spectral flows in a generic point.
In order to evaluate the total number of independent integrals in the set (13) it is necessary to subtract the number of Casimirs N Cas = [ n−1 2 ] from the N Ψ (18) and add the number of the iso-spectral integrals N Iso = n − 1 to the result, i.e.
which precisely reproduces the total number N n (8) of independent non-involutive integrals of the full symmetric sl n Toda lattice.
Conclusions
Now we are ready to describe explicitly the full non-involutive set of independent integrals expressed in terms of matrix elements of the Lax operator L. For this goal one can choose the following integrals from the set (13):
together with the (n − 1) iso-spectral integrals H d (4), so that the total number of the integrals is given by eq. (8) .
In order to form the full non-involutive set of independent integrals expressed in terms of the eigenvector matrix Ψ, one should for every m from the range 1 ≤ m < [ ] integrals from the set (17) . The union of these integrals together with the n − 1 integrals expressed in terms of the eigenvalue matrix Λ gives a full non-involutive set of independent integrals of the full symmetric sl n Toda lattice, which number is N n (8) .
In this paper we developed a new approach to derive integrals of motion of the full symmetric sl n Toda lattice which uncovers its "genetics" from the viewpoint of flag spaces. We use the semi-invariants (7), which are Plücker coordinates (15) in the corresponding projective spaces, in order to construct explicitly the full set of the non-involutive integrals expressed both in terms of the Lax matrix (20) and its eigenvalue and eigenvector matrices (17) of arbitrary ranks. Our approach is much simpler than the one based on Kostant procedure [10, 11, 12] and avoids the crucial computational complexities appearing in the latter procedure even for low-rank Lax matrices, which prevent it use for the higher ranks. The simplicity of the advocated approach is exemplified by the additional integral J = A ) −1 of the full sl 4 Kostant-Toda lattice. In order to derive it the authors of [6, 7] applied the isomorphism sl 4 ↔ so 6 and the so 6 -chopping procedure.
The results of the present paper are crucial to establish the Bruhat order in the full symmetric sl n Toda lattice [16] .
Detailed proofs of the formulae of the Propositions are given in [17] . The technique that we have developed in the present paper has further extensions and applications. The generalization to the Toda lattices defined for other Lie algebras and homogeneous spaces will be given elsewhere.
